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Abstract:

(i) Expressions for determining rate-dependent relaxation spectra directly from parallel superposition rheometry data.
(ii) Expressions to convert from parallel to orthogonal dynamic moduli in a stable manner.
(iii) The real and imaginary parts of GI*I do satisfy the Kramers-Kronig relations.

Kinematics of PSR and OSR:

x1(1) = x; (") + [yt = ') + a(e"" — o’ )x5 (1),
x,(1) = x,(1"),

x3(1) = x3(t") + b(e"" - ei“’")xz(t'),
where a = y, and b = 0 for PSR, whilst for OSR a = 0and b = y,

The subscripts || and L serve to distinguish between the superposition.
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t t
0'(1)=/ Gt —tHy(tHdt' — 0'(t)=/ Mt —t"y@, )dt.

(o)

Where G (t) denotes the modulus and M (t) the memory function.

G(t) =G, +/ H(r)e 7 d—: =G, + LItH@))(0),
0

where L denotes Laplace transformation with respect to the variable ™1 , and G, is a material constant given by G, = rl_ljglo G().
H(7) is the relaxation spectrum associated with distribution of relaxation times .

Similarly, memory function can be written as,

THO 1A g, —_— H(r)= 'L [G0)I(x) = L7 [M®)](7). (Q
0 T T .
o

M) =

© 9 9
G@-6G.= [ TS0 = T Hyw).
1 + 0?7 T . EVJ
o Vet

G*(w) = G'(w) + iG"(w) = G, + iw / [G(t) — G,le" ™ d1, -
- G (@) = / 9T )4 = (sH) ).
T

1 + w?7?
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Lodge-type constitutive model ¢ =—pl +/ M(t =1, I Ly")(C ™ (1,7) = Ddr',

where C~1(t,t") is the relative Finger strain tensor, I1,, is the second invariant of the
rate of deformation tensor 2D at time t'. we define I1,, = itr(ZD)z.

H(z, I L) = L7 (M — 1, 1Ly )], G(t, 1Tp(t")) = G.(7) + L[t H(z, I L (1)),

In steady shear flow,

ITp = 7. With a small amplitude oscillatory shear super imposed, I Top(t') = #* + 2iay,ywe'™ + owrg)

where the constant a takes the value a = 1 in PSR and a = 0 in OSR.

Expanding H(t, I1,5(t")) about I1,, = y2

. N .
H(z,1Lp(1") = H(z.7%) + 2iaygjwe —H(z,7%) + O()).

d . d
where — H(r.7) = [—H(T,IIZD(/))]
72 ol Iy —
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Orthogonal superposition:

0y3(1) = Gj_(w)J’oeiw’

'/2__)
2 2
Gl (@) - G(y)—/ L 6w,

0272 1

a
l+o2c2 7

G(w) = / H(z, i)
0

Parallel superposition:
o) =)+ Gy (w)roe

e 272 4720?72
G =/ H(r. i) ——— +
1@ 0 [ (Ty)1+w212 (1 +w?t )26}/ H( y)

& 272wr(l — 0*7?) 9
e / H(r, i) —2— + —H
@)= 0 (@7 )1+w212 (1+w?72)2 9y (@7 )

Ti( w*r? >= 2w 72
ot \ 1 + w272 (1 + w?72)?’

0 < T >_ wt(l — w*7?)

TE (1 + w2722’
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Parallel superposition:
w* 2 d 2 ’ 6@’3
U= v="_Ht.
1+ @?72 52 1T @IQCY')
) Wy net be-
/oo 2T 0 e '%ﬁ—/mrﬂvﬂ—/mﬂwr prutt
o Ara2gop VTS T T T )y e 4T v
® HU P % /“ﬂydm_/mUﬁ_Vﬂ
/0 EVdT:[UV]gO__/O UEdT, o Ot 0 ot 7
® 20?72 9 2. dt <1 a? o] @?7? dr
= S H@H T = | iSSP | S
o (+w*7)” dy T 0 aroy l+w7- 7
Following the same arguments for G|, we obtain R 3,7/
I ~—— D = "/.;V
G'(w):/m H(z,7%) - 2%t 9? H(r,7%) w*7? dz 2 Q'f'a
I 0 ' oro2 T 1+ a2 T DY
" _ e NPy 9% .2 ot dt
G| (w)—/0 [H(r,y ) =27 TaraﬁH(T’y NTrer2 7
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Hence, ,
Gj(w) = / Hy(z.7%) o' dr
1+a)-r- T
[0%3 dr
G"(w) / .7 )1+w21'2 ’
<l
where, 4'?9‘L Ak &
7 8]
H(z. 1) = 277t =%— H(e.7%) = Hy(e.7?) 2 08¢ w
T 97972 A I 3
/7
o S ds -
Some exact solutions: 0<y, <y <yp< oo, 5&(:97
n/l z =

Hy(z.7%) = AH(z,0) + Hy(z.7).

H (7,7%) = AH(7,0) + H | (7,]),  —— n(?)=/0 H(r.7%)dt = Ang + (). where 1‘7(7)=/0 H(z.7)dz,
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. _ . . . . If shear thinning: 7 >0
n(y)=n()+ng 20, 7, <y <.

d . [YoH . S
A<1 and d_}'/”(y) = /] o7 (7,7)dt <0, 7,<7 <7
On the other hand, if 7 < 0, at least one of the inequalities is reversed

v

2 ) =1 . 7 . . ()2 7 . = . Qt‘b/
< .2 .2 0/oy” = (2y)~" 9/ay. —HJ_(T,}’)'*'T}’a a.HJ_(T,}’)=—H||(T,}')‘
arayzH(TvY)=H||(T’7) ——) Toy lE 'M~

H(r,7%) - 2j°t

Introducing § = 7y where @ is a constant =~ === H | (7,7)= H,(§), with H(z,7)= H (&), & =1p“.

n(G) = g+ K77 7a <7 < k= [y Hi&dé
H(r,7%) - 27 i H(z,7%) = H(z,7%) — . = -
e e A il R —H (&) +aCH| (&) + a2 H]/(&) = —H| (),
Iné _
H, (&) =ﬁ/ sinh[ﬂ(lnx—lng)]H”(x)d(lnx), p=1/a,
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For viscosity to remain finite, A,0)=0, and lim A, (&) =0. The same conditions are asked for H|| as well.
g0

To ensure regularity, . — R, g
glirgo EH (&) = cllglof H{ () =0.

Also,ifa <0

Iné _
H (&)= |pl / sin[|#](In & — In x)] Hy (x)d(In x).

Result: In a shear-thinning region, H” (&) must be negative for some values of the relaxation time .
This allows G|’| (w) to become negative for a certain range of frequencies w. Differnentiating the above equation gives us

B , In¢é B
H (&) =-p*&! / cosh[A(Inx — In&)]H | (x)d (In x). — wwh"

Alwsays -"_:f

By
It is clear that if 17” is everywhere positive then {THJ_’({) is everywhere negative. Furthermore, either there exists a finite constant c< 0
suchthat EH | "(§) > cas& > wor EH | '(§) » —w as & - o . Hence the above result follows immediately.
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Let us first examine the spectral representation for H | resulting from a single constituent mode in HII' Consider
_ T =§ a _
Hi© =3 =& Ay (&) = ey7~5(c — 7).

Solution:
A1) = ~fer & sinhlpIng — &)1 € = &),

This does not satisfy all the boundary conditions. |H | (§)| - o as & — oo.
Clearly, therefore, the representation of H|| by a single discrete mode is not compliant with a finite shear viscosity. We shall show that
this situation can easily be rectified by constructing a triplet of Dirac functions with coefficients whose values alternate in sign.

Definition:
Let &3, &2, &5 be three positive constants with 0 < §; < &, < 3. We define a compliant Dirac triplet as a triplet of the form

D(&:&1.8,.83) = 10(E = &)) + c20(E — &) + c36(E — &3),

¢y iy ie3=¢sinh [ﬂln (é>] 1 & sinh [ﬂln <é>] : & sinh [ﬁln (E—'>]
& & 3
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Result: The compliant Dirac triplet has a corresponding orthogonal response spectrum E( &; &3, &5, &3),

/ > @ Q
6
?Q 0. 0<é<é. e
—pe, & sinh [ﬂ]n <§£ ] G1<8<é, 4
E(fl§|~fz~53) = ! Eand D

—ﬂ{clél smh[ﬂ]n £)]+cz§2"sinh[ﬂln((:f—:)]}. & <ELE, N g )’_

0. Ex¢, 2]
\< == Spline E
h Triplet D

. . . . . ape -0.5 0f 0‘.5 1 1.5 2
This solution is compliant with all the boundary conditions. = lnt+ In ( bhear— rate)
,2,
H,(z,7%) = AH(z,0) + H, (z,). 9 "
C
2%
R H H H Fig. 1. A compliant Dirac triplet, D, and its corresponding hyperbolic spline, E,
If the linear spectrum H(t,0) is represe_nted ?s fi conventional dlscrete it fm Toey 1 By ) = (1,2,3), Eis doubled in sl for larity,
spectrum and the response spectrum Hj|(t,7) is represented by Dirac
triplets, then the corresponding spectrum H | (t,y) will be semi-discrete, i.e. 7 —
a combination of the discrete linear spectrum and continuous hyperbolic ‘f\ ( = S C \-\ -

splines of order 2. — — erelE contiapel

W .ff ) = sewt
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The integral operators T and S introduced earlier have a special property: a"l - 6\\,(_.

d d d d
(T‘rEA)(w)z—wE(TA)(w) and (STEA)(w)z—wE(SA)(w).

3 a 7}/ ” 7)’ .

[+

’ A
H(t,y7) -yt w 9 7559" |

Applying T + iS on both sides of the above equation and with the use of
special property of T and S, we get

2

* . 0° * _
Gl(w)+yw 3000 Gl(w)= G|| (w).

&

) %G’ (w) o 2;2  0H
Result: Since lim @ L — = lim / M—T—lﬂ
W— 00 W= J (] + w272)2 a}/ T

—0 The plateau moduli in OSR and PSR, derived from the
- Lodge-type model are equal, (i.e.)

=00 1

lim G’ (w) = lim Gl’l(w), or G (c0)= Gil(oo).
W= 00
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Z = w)'/_a * * %
G| (w) = AG™(w) + G ({), p= l/\/;,

Gj(@) = AG*(@) + G} (),

Following the same way we calculated the spectrum for orthogonal spectrum, we obtain the relationship between orthogonal and
parallel moduli as,

In¢
Gi(w) = AG*(w) + G_I(CI) +p sinh[f(Inz — In {)]G?i(z)d(ln z).

Ing;

The requirements necessary in the practical implementation of the conversion formula:

(i) the collection of possibly negative parallel moduli, G|*| (w);
(i) the estimation of a low frequency initial value G} () ;

(iii) sufficiently many sampled frequencies to enable the accurate evaluation of the integrals by numerical quadrature; and
(iv) a flow curve to enable the determination of the parameter f3.
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nee) l : ate
N \ G (w) = AG’ (w)+G”(wy 9,
Hy(2.7%) = 4 ), c1o8(z = 740) + Y, D73 &1 ko ka)-
k k

79 *éy,,
_)”ch01+w2r2 @ 2w 2
k0 m=1 7+ w* 6
~

G”(w) = AG" (w) + G”(wy 9,

3
—iY a2+ P Y 2
k

2 m .2, 2
A 1+ wzrko o B R T

Hy(r,7%) = 1), ez = 140) + Y, E(2i'"s &kt Eha k)
k k

W Cer®)

The linear spectrum {cq, Txo} has been predetermined from a .

pure oscillatory shear experiment. G (w) = AG' (@) + G (w7, [n

wy
o Tk0 .a.
With {cyo , Tro} predetermined, the remaining constants =4 Z O 5 |+ w22 + ;@(77 8kt G2 Exa)l (@),
{Crxm »Txm} are determined by fitting the models 5.12 and 5.13 to ko TE
the available PSR experimental data at a fixed shear-rate y. The
constants ¢4, Cx2 , Cx3 Must be chosen in the ratio as we . . . v
discussed before, so only one in three of these constants is a free G (w) = 6" (@) + G (w}’ “), Y L
parameter =4 Z T o + Z (77" &1+ Eras Sr3) (@)
+ @? k k
./

Tft«tv’
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- # -
Acg = 25000;7¢ = 4; 8 = 1; (c1,¢2,¢3) = (—1,6.4,—5.4) x 10%; (§1,&,,&5) = (1,2,3)

r ' I Im””“A L ‘ ‘ " .." |
4 ../.!/.!’ 3.8 .......g...:.s.:
o9 __ = o®® °® (]
.'./// ... .. .. v
®oa / . ° ° .
[ ‘// °® .. .. 1 &
5 38t o/°/d/ 2137 o’ o® °°® )? &
. ° ° -
S ° /'4(/ = ¢ o° o _—=7 e
o0 / / o0 ® e — =~
o °’y / 2 .o _&& -~
~ 36t '/ 136 2
= o/ ./ ® =025 | o e Nt ® =025 |
UO / ’7 @ 7=03s"Gj S /0, //.,/ ® 7=03s"Gj
op ¢ // ° ® =045 | 8o .'//40’ ® =045 _|
2 34 / /P ""?=0-2S']—| —~ 3.5 e e __}',:0'251_|
/7 —7=0357 G “o® —§=0351 G
/ e i s e ! .
/,// —i=04s | .. —7=04s" |
32 Lo ' ' ' e 11 ) 09 08
-1 -0.5 0 0.5 - 1- e e
0g., w
(a) log ,w 107 (b)
(a) Comparison of G}, and G| for different shear rates. (b) Comparison of G|/ and G| for different shear rates.
I 1 I 1
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Thank you for your attention
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